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Abstract
We investigate whether cosmological inflation is possible in a class of flux compact-
ifications of type IIA strings on rigid Calabi-Yau manifolds, when all perturbative
string corrections are taken into account. We confine ourselves to the universal
hypermultiplet and an abelian vector multiplet, representing matter in four dimen-
sions. Since all axions can be stabilized by D-instantons, we choose dilaton and
a Ka¨hler modulus as the only running scalars. Though positivity of their scalar
potential can be achieved, we find that there is no slow roll (ε > 13/6), and no
Graceful Exit because the scalar potential has the run-away behaviour resulting in
decompactification. We conclude that it is impossible to generate phenomenologi-
cally viable inflation in the given class of flux compactifications of type IIA strings,
without explicit breaking of N = 2 local supersymmetry of the low-energy effective
action.
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1 Introduction
The main problem of phenomenological applications of string theory to cosmology
and particle physics is moduli stabilization [1]. On the one hand, though it is
possible to stabilize all moduli at the classical level [2], the existing no-go theorems
forbid de Sitter (dS) vacua in the classical supergravity compactifications [3, 4]
and, hence, require taking into account either quantum corrections or non-geometric
fluxes [5, 6, 7, 8, 9, 10, 11, 12, 13]. On the other hand, all phenomenologically
viable inflationary models are sensitive to Planck-scale physics and thus require a
UV-completion, which raises the question about derivation of any of them from a
fundamental theory of quantum gravity such as superstrings. To the best of our
knowledge, there is no compelling inflationary model of string cosmology, despite of
huge theoretical efforts and many proposals in the literature [1].
As regards the type IIA strings compactified on Calabi-Yau (CY) threefolds,
there is the ”no-go” statement (i.e. no possibility of inflation) in the literature [14],
derived in the certain (semi-classical) limit at large volume and small string coupling,
by using the scaling arguments. However, it is worthwhile to raise the same question
beyond the semi-classical limit (i.e. for any values of volume and string coupling),
by including (quantum) string corrections both in α′ and gs, thus also beyond the
ten-dimensional IIA supergravity approximation, where the assumptions used in [14]
do not apply.
Quantum corrections are under control in the case of type II string compactifica-
tions on CY. In this case, the low energy effective action (LEEA) in four dimensions
preserves N = 2 local supersymmetry (8 supercharges) and is completely determined
by the geometry of its moduli space spanned by the scalar fields of N = 2 vector-
and hyper-multiplets. The only way to generate a scalar potential in the effective
N = 2 supergravity in four dimensions is via adding the NS- and RR-fluxes leading
to the gauging of some of the isometries of the moduli space of the original flux-
less compactification. Actually, the integrated Bianchi identities give rise to certain
tadpole cancellation conditions, which in the presence of fluxes generically can be
satisfied only by adding orientifolds reducing supersymmetry to N = 1 [15]. How-
ever, in type IIA string theory it is possible to choose such fluxes that the tadpole
cancellation condition holds automatically as e.g., is the case with the NS H-fluxes
and the RR F4- and F6-fluxes, provided that one ignores their backreaction [16]. We
follow the same strategy in this paper.
Explicit calculations are possible in the case of a rigid CY threefoldY. Such man-
ifold has the vanishing Hodge number h2,1(Y) = 0, so that the LEEA is described
by N = 2 supergravity interacting with the so-called universal hypermultiplet (UH),
and some number h1,1(Y) > 0 of vector multiplets. As was found in [17], this class
of N = 2 compactifications does not allow meta-stable vacua, within validity of the
approximation used. However, it is still has to be checked whether the same scalar
potential is suitable for slow roll inflation. In this paper, we restrict ourselves to
the perturbative approximation where all instanton contributions are neglected, but
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the perturbative α′ and gs-corrections are retained. For even more simplicity, we
consider the case with only one Ka¨hler modulus, i.e. a rigid CY with h1,1 = 1. Since
no such rigid CY space was found yet, our investigation should be merely viewed
as a negative test (i.e. no formal proof of our title yet). The use of fictitious CY is
commonplace in modern string theory.
Our paper is organized as follows. In the next section 2 we review basic infor-
mation about the relevant CY string compactifications with fluxes, and provide the
scalar potential in the corresponding (gauged) N = 2 supergravity by following [17]
that is our starting point. In section 3 we study the perturbative scalar potential
and slow roll conditions. Sec. 4 is our conclusion. Our notation about special and
quaternionic geometries is collected in Appendix A. Details of the UH moduli space
metric are collected in Appendix B.
2 Scalar potential in type-II flux-compactifications
In this section we recall the known facts about the scalar potential in generic type
II string compactifications with fluxes, in the context of N = 2 supergravity in four
dimensions by following [17], and describe our setup.
The four-dimensional LEEA of type II strings compactified on a Calabi-Yau
threefold Y is given by N = 2 supergravity coupled to N = 2 vector and hypermul-
tiplets. In the two-derivative approximation, where one ignores the higher curvature
terms appearing as α′-corrections, the bosonic part of the action comprises only ki-
netic terms for the metric, vector and scalar fields arising after compactification.
The couplings of these kinetic terms are non-trivial, being restricted by N = 2
supersymmetry in terms of the metrics on the vector and hypermultiplet moduli
spaces, MV and MH , parametrized by the scalars of the corresponding multiplets.
Furthermore, N = 2 supersymmetry restricts MV to be a special Ka¨hler manifold,
with a Ka¨hler potential K(zi, z¯ ı¯) (with i = 1, . . . , h1,1 in type IIA) determined by
a holomorphic prepotential F (XI) (with I = (0, i) = 0, . . . , h1,1 and zi = X i/X0),
a homogeneous function of degree 2. Similarly, MH must be a quaternion-Ka¨hler
(QK) manifold of dimension 4(h2,1 + 1) [19]. We denote the metrics on the two
moduli spaces by Ki¯ and guv, respectively.
The resulting theory is not viable from the phenomenological point of view since
it does not have a scalar potential, so that all moduli remain unspecified. This gives
rise to the problem of moduli stabilization, i.e. generating a potential for the moduli.
This requires N = 2 gauged supergravity. The latter can be constructed from the
ungauged supergravity when the moduli spaceMV×MH has some isometries, which
are to be gauged with respect to the vector fields AI comprising, besides those of
vector multiplets, the gravi-photon A0 of the gravitational multiplet. Physically,
this means that the scalar fields affected by the isometries acquire charges under the
vector fields used in the gauging. The charges are proportional to the components
of the Killing vectors kα corresponding to the gauged isometries. We consider only
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abelian gaugings of isometries of the hypermultiplet moduli space MH because
quantum corrections are known to break any non-abelian isometries. Then the
charges are characterized by the vectors kI = Θ
α
I kα ∈ TMH where ΘαI is known as
the embedding tensor.
The geometry of the moduli space together with the charge vectors completely
fix the scalar potential as [20, 21, 22] 1
V = 4eKkuIk
v
JguvX
IX¯J + eK
(Ki¯DiXID¯X¯J − 3XIX¯J) (~µI · ~µJ) , (1)
where DiX
I = (∂i+∂iK)XI and ~µI is the triplet of moment maps which quaternionic
geometry of MH assigns to each isometry kI [23].
In string theory, N = 2 gauged supergravity can be obtained by adding closed
string fluxes to a CY compactification (see [24] for a review). We take the common
strategy (see, for instance, [25, 26, 16, 2]) by ignoring the backreaction and assuming
the compactification manifold to be CY. The LEEA of flux compactifications on CY
is known to perfectly fit the framework of N = 2 gauged supergravity [25].
In type IIA, the vector multiplet moduli space MV describes the complexified
Ka¨hler moduli of Y parametrizing deformations of the Ka¨hler structure and the
periods of the B-field along two-dimensional cycles, zi = bi+iti. The hypermultiplet
moduli space MH consists of
• ua — complex structure moduli of Y (a = 1, . . . , h2,1),
• ζΛ, ζ˜Λ — RR-scalars given by periods of the RR 3-form potential along three-
dimensional cycles of Y (Λ = (0, a) = 0, . . . , h2,1),
• σ — NS-axion, dual to the 2-form B-field in four dimensions,
• φ — dilaton, determining the value of the four-dimensional string coupling,
g−2s = e
φ ≡ r.
The Kaluza-Klein reduction from ten dimensions [25] leads to the classical met-
rics on MV and MH . The former is the special Ka¨hler metric Ki¯ given by the
derivatives of the Ka¨hler potential
K = − log [i (X¯IF clI −XIF¯ clI )] , (2)
where F clI = ∂XIF
cl are the derivatives of the classical holomorphic prepotential
F cl(X) = −κijk X
iXjXk
6X0
, (3)
which is determined by the triple intersection numbers κijk of Y. The hypermul-
tiplet metric is given by the so-called c-map [27] which produces a QK metric out
of another holomorphic prepotential, characterizing the complex structure moduli,
1See Appendix B and Ref. [17] for more details about our notation.
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which carries a Heisenberg group of continuous isometries acting by shifts on the
RR-scalars and the NS-axion. The corresponding Killing vectors are
kΛ = ∂ζ˜Λ − ζΛ∂σ, k˜Λ = ∂ζΛ + ζ˜Λ∂σ, kσ = 2∂σ. (4)
It is these isometries that are gauged by adding fluxes.
Type IIA strings on CY admit the NS-fluxes described by the field strength of
the B-field:
Hflux3 = h
Λα˜Λ − h˜ΛαΛ, (5)
where (αΛ, α˜Λ) is a symplectic basis of harmonic 3-forms, and the RR-fluxes given
by the 2- and 4-form field strengths
F flux2 = −miω˜i, F flux4 = eiωi, (6)
where ω˜i and ω
i are bases of H2(Y) and H4(Y), respectively.
As regards the metric onMV , it receives the α′-corrections which are all captured
by a modification of the holomorphic prepotential (3) as [28, 29]
F (X) = F cl(X) + χY
iζ(3)(X0)2
16pi3
− i(X
0)2
8pi3
∑
kiγi∈H+2 (Y)
n
(0)
k Li3
(
e2piikiX
i/X0
)
, (7)
where χY = 2(h
1,1 − h2,1) is Euler characteristic of CY, n(0)k are the genus-zero
Gopakumar-Vafa invariants, and the sum goes over the effective homology classes,
i.e. ki ≥ 0 for all i, with not all of them vanishing simultaneously. The quantum
terms are given by a sum of the perturbative correction and the contribution of
worldsheet instantons, respectively. The non-perturbative quantum corrections are
known to be important for stabilizing all axions [17]. We ignore the axions in what
follows, by assigning heavy masses to them via tuning the parameters of our model. 2
As regardsMH , though its complete non-perturbative description is still beyond
reach, a significant progress in this direction was achieved by using twistorial meth-
ods (see [30, 31] for reviews). In contrast toMV , the hypermultiplet metric is exact
in α′, but receives gs-corrections. At the perturbative level, it is known explicitly [32],
and is given by a one-parameter deformation of the classical c-map metric, whose
deformation parameter is controlled by χY [33, 34, 35]. At the non-perturbative
level, the metric gets the instanton contributions coming from D2-branes wrapping
3-cycles (and, hence, parametrized by a charge γ = (pΛ, qΛ)) and NS5-branes wrap-
ping the whole CY. The D-instantons were incorporated to all orders using the
twistor description of QK manifolds [36, 37, 38, 39], so that only NS5-instanton
contributions still remain unknown.
In the case of rigid CY, capital Greek indices can be omitted, so that the MH
has the lowest possible dimension and thus represents the simplest theoretical lab-
oratory for explicit calculations [40, 41, 42, 34, 43, 16, 44, 45]. The metric on four-
dimensional QK spaces allows an explicit parametrization [46, 47], which reduces it
2The alternative possibility arises when some of the axions are lighter than the other moduli.
This case is technically more involved and is not studied here.
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to a solution of an integrable system. In the presence of a continuous isometry, it is
encoded in a solution of the integrable Toda equation [48, 49, 50, 18, 51, 52].
The UH metric reads [53]
ds2 =
2
r2
[(
1− 2rR2U
)(
(dr)2 +
R2
4
|Y|2
)
+
1
64
(
1− 2rR2U
)−1 (
dσ + ζ˜dζ − ζdζ˜ + V(σ)
)2]
,
(8)
where the functions R, U, Y and V(σ), are defined in Appendix B.
The charge vectors corresponding to our choice of fluxes and generating the
isometries of the metric (8) are given by [17]
k0 = h˜∂ζ˜ + h∂ζ +
(
2e0 + hζ˜ − h˜ζ
)
∂σ ,
ki = 2ei∂σ .
(9)
The associated moment maps ~µI are [17]
µ+i = 0, µ
3
i =
ei
2r
,
µ+0 =
iR
2r
(
h˜− λh
)
, µ30 =
1
2r
(
e0 + hζ˜ − h˜ζ
)
.
(10)
Using all the data above in Eq. (1) results in the scalar potential [17]
V =
eK
4r2
[
2|E + E|2
1− 2rR2U
+Ki¯ (ei + EKi)
(
ej + E¯K¯
)− 3|E|2
+ 4R2|h˜− λh|2
(
Ki¯KiK¯ − 1− 4rR2U
)]
,
(11)
where Ki = ∂iK and
E = e0 + hζ˜ − h˜ζ + eizi,
E = 1
2
(
hι∂ζ + h˜ι∂ζ˜
)
V(σ).
(12)
Both the metric and the potential are invariant under the symplectic transfor-
mations induced by a change of basis of 3-cycles on Y. This invariance can be used
to put h-flux to zero, which we assume from now on. In this symplectic frame, only
electrically charged instantons contribute to the potential. Using this simplification,
one can show that
E = 4h˜rv¯R(|M |2 + |v|2) , (13)
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whereas the other quantities introduced in Appendix B can be computed explicitly
as [17]
v = 384c
∑
q>0
s(q)q2 sin(2piqζ)K1(4piqR),
M = 2λ2 + 384c
∑
q>0
s(q)q2 cos(2piqζ)K0(4piqR), (14)
r =
λ2R2
2
− c− 24cR
pi
∑
q>0
s(q)q cos(2piqζ)K1(4piqR) .
The function U, appearing in the potential (11), is given by (38). The divisor
function is defined by
s(q) ≡ σ−2(q) =
∑
d|n
d−2, (15)
and, via Eqs. (34) and (32), encodes the DT invariants counting the D-instantons,
with the parameter c. As a result, all gs-corrections affecting the scalar potential
are controlled by only one topological (Euler) number.
At h = 0 the potential explicitly depends on dilaton r, Ka¨hler moduli ti, periods
bi of the B-field, and the RR scalar ζ, being independent of another RR scalar ζ˜
and the NS-axion σ. Since the last two scalars are used for the gauging, one can
redefine some of the gauge fields to absorb them in the effective action, where these
scalars disappear from the spectrum, whereas the corresponding gauge fields become
massive.
In the perturbative approximation, the potential depends on the fields bi and ζ,
known as axions, only through the combination eib
i−h˜ζ appearing in (12). The other
h1,1 independent combinations of these fields enter the potential only via instanton
corrections. This shows that the instanton corrections are indispensable for axion
stabilization, and allow a simple solution [17],
ζ = n/2, bi = `i/2. (16)
Having restricted ourselves to this solution, we can simplify the scalar potential
as
V (ϕ)(r, ti) ≡ V | ζ=n/2
bi=`i/2
=
eK
4r2
[
4r(et)2
R2M − 2r − e
−KNˆ ijeiej +
4h˜2R2
eKNijtitj − 1 −
16h˜2r
M
]
.
(17)
In what follows, we add two more simplifications by (i) neglecting all non-
perturbative (instanton) corrections, and (ii) limiting ourselves to a single Ka¨hler
modulus, by omitting all the lower-case latin indices too.
As was shown in [53], the metric (8) has a curvature singularity at the hypersur-
face determined by the equation r = 1
2
R2U. This singularity is an artefact of our
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approximation. It implies that near the singularity the metric (8) and, hence, the
corresponding scalar potential (17) cannot be trusted. In other words, we should
require that r > rcr. In the perturbative approximation one has rcr = −2c.
3 Perturbative approximation
Given a single vector multiplet of matter and, hence, a single Ka¨hler modulus, we
can omit all the lower case latin indices in (17) and rewrite it to the form
V (R(r), t) = e
K
4r2
(
4r(et)2
R2M2 − 2r − e
−KNe2 +
4h˜R2
eKNt2 − 1 −
16h˜2r
M
)
(18)
as the function of only two real variables, r and t, representing dilaton and the
imaginary part of the Ka¨hler modulus, respectively. In accordance to Appendices A
and B, the functions entering (17) and (18) are greatly simplified in the perturbative
approximation, where all instantons are ignored, as follows:
e−K = 8V − C, V = κt
3
6
, R =
√
2(r + c)
λ2
, N = 2κt. (19)
The function (18) subject to the definitions (19) is a fully explicit elementary
(complicated) function that can be studied both analytically and numerically (we
used Wolfram Mathematica). Its profile is given in Fig. 1. Our idea is to exploit a
competition of four different terms in (18) by varying the flux parameters, in order
to compile them into a slow roll inflationary potential for some values of r and t.
The variables R and t have to be restricted from below, R > Rc and t > tc,
because the potential diverges at
Rc =
√
2c
λ2 − 4λ22
and tc =
3
√
3C
4κ
. (20)
When being expanded near t = tc, the potential reads
V =
A(R)
t− tc +O(t− tc) , (21)
where the residue is given by
A(R) =
[
(6C)2/3e2λ2 − 8κ2/3h˜2(2c−R2λ2 + 4R2λ22)
2(6C)2/3κλ2(−2c+R2λ2)(2c−R2λ2 + 4R2λ22)
]
. (22)
There exist the critical value R(2)c where the residue vanishes, A(R(2)c ) = 0, and
the potential V drastically changes its shape, as is shown in Fig. 2. We find
R(2)c =
√
16cκ2/3h˜2 − (6C)2/3e2λ2
2
√
2
√
κ2/3h˜2(1− 4λ2)λ2
. (23)
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Figure 1: The potential V (r, t) of (18) at small values of r and t on the left hand side,
and at large values of r and t (in terms of the inverse variables 1/r and 1/t) on the
right hand side. The parameters in (18) are chosen as h˜ = 1, e = 1, λ2 = 1/2, κ = 1.
We also have c = −1/(96pi) and C = ζ(3)/(2pi3).
The potential V at large values of t or R is not affected by that.
As regards the behaviour of the potential V at large values of r and t, we find
the following asymptotic expansion near the origin in a plane (1/r, 1/t):
V (r, t) = − e
2(λ2 − 1)
2κ(4λ2 − 1)
1
r2
1
t
+
3ce2λ2
κ(4λ2 − 1)
1
r3
1
t
− 3h˜(h˜− 2)
2κλ2
1
r
1
t3
+O5
(
1
r
,
1
t
)
. (24)
The coefficients of the three leading terms in this expansion are all positive when
1/4 < λ2 < 1 and h˜ < 2. In this case, the potential V takes positive values, as is
shown in Fig. 3.
We find that the (relative) first and second derivatives of the scalar potential
above are all independent upon the (flux) parameters of V , namely,
|Vr/V | = 1/r +O2(1/r) , Vrr/V = 2/r2 +O2(1/r) , (25)
and
|Vt/V | = 1/t+O2(1/t) , Vtt/V = 2/t2 +O2(1/t) , (26)
i.e. they exhibit the universal behaviour for large values of r and t.
It follows from Eqs. (2), (3), (7) and (8) in the large field approximation that
the kinetic terms of the fields t and r read 3(∂t)2/t2 and 1
4
(∂r)2/r2, respectively. In
terms of the canonical fields defined by t = e
√
1/6χ and r = e
√
2ϕ, the standard slow
roll parameters are thus given
ε >
13
6
and η > 2 . (27)
They violate the necessary conditions (ε  1 and η  1) for slow roll inflation.
The large field limit also implies the runaway decompactification driving the theory
towards ten dimensions, which is unacceptable for our Universe.
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Figure 2: The blue line is a section of the potential V for R > R(2)c , and the purple
line is a section of the potential V for R < R(2)c , at h˜ = 1, e = 1, λ2 = 1/2, κ = 1.
The section is taken at r = 0.013 for the blue line and at r = 0.0145 for the purple
line.
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Figure 3: The sliced potential V at h˜ = 1, e = 1, λ2 = 1/2, κ = 1. The horizontal
axes show values of 1/r and 1/t, with t = 0.5 (green), t = 1 (olive), t = 2 (purple)
and t = 10 (blue), on the left hand side, and with r = 0.5 (green), r = 1 (olive),
r = 2 (purple) and r = 10 (blue), on the right hand side, respectively.
4 Conclusion
We considered a simple class of flux compactifications of type IIA strings, preserving
N = 2 local supersymmetry in the four-dimensional low energy effective action.
When back-reaction of fluxes is ignored, we obtained the non-perturbative scalar
potential that leads to the axion stabilization. The latter greatly simplifies the scalar
potential as merely a function of dilaton and Ka¨hler moduli. We simplified it even
further by going to the perturbative approximation where all instanton contributions
are ignored. We used the restricted set of electric fluxes, without magnetic fluxes and
with vanishing Romans mass, which automatically obeys the tadpole cancellation
condition. It also preserves N = 2 local supersymmetry that allowed us to control
(in principle) all quantum corrections and do explicit calculations. Even though we
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assumed only one Ka¨hler modulus, we expect that our results qualitatively do not
change with a larger number of Ka¨hler moduli and, perhaps, even with a larger
number of hypermultiplets.
We found the universal behaviour of the scalar potential for large r and t, i.e.
in the perturbative region, where all slow roll parameters become independent upon
the flux parameters. Our results extend the applicability of the ”no-go” statement
[14], ruling out slow roll inflation in type IIA/CY strings, beyond the semi-classical
approximation in the case of rigid CY. The absence of viable inflation in type IIA
strings on rigid CY with N = 2 supersymmetry in four dimensions is also related
to the absence of meta-stable vacua found in [17] for a limited range of the string
coupling values, but including all D-instanton corrections.
Though unbroken N = 2 supersymmetry certainly does not describe our uni-
verse, it may facilitate a construction of viable inflationary models when using N = 2
gauged supergravity as the starting point (or as the 0th-order approximation) and
then breaking extended supersymmetry by additional structures, such as orientifolds
with negative tension. However, this would require a much better understanding of
quantum effects in N = 1 supersymmetric flux compactifications, which are not
under theoretical control at present.
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Appendix A: special geometry
A special Ka¨hler manifoldMsk is determined by a holomorphic prepotential F (XI),
a homogeneous function of degree 2. The homogeneous coordinates XI are related
to the coordinates on the manifold zi by zi = XI/X0 and, for simplicity, we choose
the gauge where X0 = 1. Given the prepotential, it is convenient to define the
matrix
NIJ = −2 ImFIJ . (28)
It is invertible, but has a split signature (b2, 1). A related invertible matrix with a
definite signature can be constructed as follows. Let us define
NIJ = F¯IJ − iNIKX
KNJLX
L
NMNXMXN
. (29)
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NIJ appears as the coupling matrix of the gauge fields in the low-energy effective
action and its imaginary part is negative definite.
In terms of the matrix (28), the Ka¨hler potential on Msk is given by
K = − log (XINIJX¯J) . (30)
Its derivatives with respect to zi and z¯ ı¯ are
Ki = −eKNiIX¯I , (31a)
Ki¯ = −eKNij +KiK¯, (31b)
where we have used homogeneity of the holomorphic prepotential and zi = bi + iti.
In particular, (31b) provides the metric on Msk.
Appendix B: the UH metric
To write down the metric computed in [53], let us summarize the data characterizing
a rigid CY manifold:
• The intersection numbers κijk, which specify the classical holomorphic prepo-
tential (3) on the Ka¨hler moduli space.
• The Euler characteristic χY = 2h1,1 > 0, which appears in the α′-corrected
prepotential (7), and is always positive for rigid Y. We also use the following
parameter:
c = − χY
192pi
= − pi
2
48ζ(3)
C. (32)
• The complex number
λ ≡ λ1 − iλ2 =
∫
B Ω∫
AΩ
(33)
given by the ratio of periods of the holomorphic 3-form Ω ∈ H3,0(Y) over
an integral symplectic basis (A,B) of H3(Y,Z). The geometry requires that
λ2 > 0, which explains the minus sign in (33).
• The generalized Donaldson-Thomas (DT) invariants Ωγ, which are integers
counting, roughly, the number of BPS instantons of charge γ = (p, q). In the
case of the vanishing magnetic charge p and arbitrary electric charge q, they
coincide with the Euler characteristic,
Ω(0,q) = χY. (34)
The central charge
Zγ = q − λp (35)
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characterizes a D-instanton of charge γ. It is used to define the function
Xγ(t) = (−1)qp exp
[
−2pii
(
qζ − pζ˜ +R (t−1Zγ − tZ¯γ))] , (36)
where R is a function on the moduli space, which is fixed below. Geometrically, t
parametrizes the fiber of the twistor space Z, a CP 1 bundle over MH , whereas Xγ
are Fourier modes of holomorphic Darboux coordinates on Z [37, 38]. Using (36),
one defines
J (1)γ =
∫
`γ
t.
t
log (1−Xγ) , J (2)γ =
∫
`γ
t.
t
Xγ
1−Xγ ,
J (1,±)γ = ±
∫
`γ
t.
t1±1
log (1−Xγ) , J (2,±)γ = ±
∫
`γ
t.
t1±1
Xγ
1−Xγ ,
(37)
where `γ is a contour on CP 1 joining t = 0 and t =∞ along the direction fixed by
the phase of the central charge, `γ = iZγR+. Expanding the integrands in powers
of Xγ, these functions can be expressed as series of the modified Bessel functions of
the second kind Kn.
The set of functions (37) encodes the D-instanton corrections to the moduli
space. The related quantities appearing in the metric are
• the functions
v =
1
2pi
∑
γ
Ωγ|Zγ|2J (2,−)γ , M = 2λ2 −
1
2pi
∑
γ
Ωγ|Zγ|2J (2)γ ,
U =M +M−1|v|2,
(38)
• the one-forms
Y = dζ˜ − λdζ − i
4pi
∑
γ
ΩγZγ
(J (2)γ − vM−1J (2,+)γ ) (qdζ − pdζ˜)− 2ivRM dr,
V(σ) = 2r
piλ2RU
∑
γ
ΩγZγ
(J (2,+)γ + v¯M−1J (2)γ ) [(q − λ1p)(dζ˜ − λ1dζ)+ λ22pdζ] .
Finally, the function R entering (36) is implicitly determined as a solution to
the following equation:
r =
λ2R2
2
− c− iR
32pi2
∑
γ
Ωγ
(
ZγJ (1,+)γ + Z¯γJ (1,−)γ
)
, (39)
where r = eφ is the four-dimensional dilaton.
With all the notations above, the D-instanton corrected metric on the four-
dimensional hypermultiplet moduli space is given by Eq. (8) in the main text. As was
proven in [53] , the metric (8) agrees with the Tod ansatz [47] where the role of the
Tod potential satisfying the Toda equation is played by the function T = 2 log(R/2).
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